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I. Introduction

I N this Note, the dynamic formulation is presented for a novel
deployable manipulator system. Each module of this multimod-

ule manipulator system consists of a deployable (prismatic) link
and a slewing (revolute) joint. Previous research1 on the dynamic
modeling and adaptive control of manipulator system involves a rev-
olute joint only. Here, a neural-network-based adaptive controller
is developed for this deployable manipulator system. The model in-
cludes both joint flexibilities and link flexibilities. Neural networks
are used to approximate the unknown terms in the dynamic equa-
tions of the manipulator. The controller is adapted on that basis, with
the objective of reducing the tracking error of the robot. The appli-
cability and effectiveness of the neural-network control scheme for
this manipulator system are tested through computer simulations.

II. Dynamic Modeling
Consider the n-link deployable manipulator model shown in

Fig. 1. Each manipulator module comprises two joints (degrees of
freedom): one free to slew, through a revolute joint, and the other
permitted to deploy (and retrieve), through a prismatic joint. The
links and the joints are considered flexible. Detailed derivation of
the dynamic model can be found in Ref. 2. For brevity, only the final
form of equations of motion is shown in the following

Mq̈ + V(q, q̇)q̇ + G(q) = τ (1)

where M(q), V(q̇, q), and G(q) are system matrices. Dynamic study
of this class of manipulator system has been conducted by Modi
et al.3

III. Neural-Network Adaptive Control
The neural networks are used to approximate the elements of

system matrices M(q), V(q̇, q), and G(q), that is, Mkj (q), Vkj (q̇, q),
and Gk(q), respectively. Specifically,

Mkj = WT
Mkj

φMkj (q) + εMkj (q) (2)
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Gk = WT
Gk

φGk (q) + εGk (q) (3)

Vkj = WT
Vkj

φVkj (q̇, q) + εVkj (q̇, q) (4)

where WMkj , WVkj , and WGk are the vectors of neural-network
weights; φMkj (q), φVkj (q̇, q), and φGk (q) are the vectors of activation
functions; and εMkj (q), εVkj (q̇, q), and εGk (q) are the approximation
errors. Here, φMkj (q), φVkj (q̇, q), and φGk (q) are the Gaussian radial
basis functions.

In the adaptive neural-network control method the weights of the
neural networks are updated online by a parameter adaptation algo-
rithm requiring no matrix inversion. The estimates of M(q), V(q, q̇),
and G(q) are obtained by replacing the true weighting matrices
WM , WV , and WG by their estimates ŴM , ŴV , and ŴG , respec-
tively, that is,

M̂(q) = ŴT
MφM (q), V̂(q, q̇) = ŴT

V φM (z)

Ĝ(q) = ŴT
GφM (q) (5)

We use the control law

τ = M̂(q)(q̈d +Λė) + V̂(q̇, q)(q̇d +Λe) + Ĝ(q) + Kv ė + KvΛe

(6)

where the tracking error e is defined as e = qd − q, with qd denoting
the desired trajectory and where Λ is a positive definite and diagonal
matrix. With this control law, it is known4 that if Kv > 0 then the
closed-loop system is asymptotically stable, that is, s =Λe + ė → 0
as t → ∞ under the following parameter adaptation laws:

˙̂WMkj = ΓMi j φMkj
q̈s j sk,

˙̂WVkj = ΓVkj φVkj
q̇s j sk

˙̂WGk = ΓGkφGk
sk (7)

where ΓMkj , ΓVkj , and ΓGk are symmetric positive-definite con-
stant matrices;ŴMkj , ŴVkj , and ŴGk are elements of ŴM , ŴV , and
ŴG , respectively; q̈s = q̈d +Λė; and q̇s = q̇d +Λe. Figure 2 shows
the neural-network adaptive control scheme.

Fig. 1 Schematic diagram of multimodule deployable manipulator
system.
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Fig. 2 Neural-network adaptive control of manipulator system.

Fig. 3 Single-module deployable manipulator with joint flexibility.

IV. Numerical Simulations
First consider the manipulator system shown in Fig. 3. It consists

of two joints: one free to slew and the other permitted to deploy.
The vector of generalized coordinates, which describes the complete
motion of the manipulator model, is given by q = [l θ α]T , where
l represents the distance between the origin of the reference frame
located at the revolute joint and the center of mass of the deployable
link, θ denotes the slewing angle associated with the robot arm, and
α denotes the motor rotor angular position. The equations of motion
can be expressed in the vector matrix form as

M(qr )q̈r + V(q̇r , qr )q̇r + G(qr ) =
[

τl

K (α − θ)

]
(8)

J α̈ + K (α − θ) = τα (9)

where τl and τα are the force and torque inputs for the deployable
link and the revolute joint, respectively; qr = [l θ ]T ; and M(qr ),
V(q̇r , qr ), and G(qr ) are system matrices corresponding to the rigid
model.

With the derived equations of motions, a singular perturbation
method is used to transform the original flexible joint robot model
into a two-timescale model, specifically, the well-known steady-
state model and the boundary-layer model. The singular perturbation
theory and its application to the dynamic model are considered now.
Here, for brevity, only the final results of the approach are presented.
A more comprehensive treatment of this theory is given by Khalil.5

The steady-state model is

[M(qr ) + J ]q̈r + V(q̇r , qr ) + G(qr ) = τ slow (10)

where τslow = [τl τα,slow]T . Note that the steady-state model obtained
here has the form of equivalent rigid-body dynamics. The mo-
tor torque input τα = τα,slow + τα,fast. The slow control input τα,slow

is applied to the resulting steady-state model, and the fast con-
trol input τα,fast is for the boundary-layer model, which provides
damping and additional stiffness. We choose τα,fast = Kd(θ̇ − α̇) +
K p(θ − α), where Kd and K p are control gains.

The steady-state model [Eq. (10)] has the form of an equiva-
lent rigid-body model. Therefore, the neural-network-based adap-
tive controller is applied to control the steady-state model.

Fig. 4 Neural-network adaptive control of deployable manipulator.

Hence,

τ α,slow = M̂(qr )(q̈rd + Λė) + V̂(q̇r , qr )(q̇rd + Λe)

+ Ĝ(qr ) + Kv ė + KvΛe (11)

where qrd represents the desired values for coordinates qr = [l θ ]T .
In the present study, a sine-on-ramp acceleration profile is adopted

for prescribed maneuvers. It assures zero velocity and zero acceler-
ation both in the beginning and at the end of a maneuver, thereby
smoothing the structural response of the system. The trajectory of a
specified maneuver is a sine-on-ramp profile given by

qd(t) = {[qd(td) − q(0)]/td}{t − (td/2π) sin[(2π/td)t]} + q(0)

(12)

where qd is the desired trajectory, t is time, and td is the time req-
uired for the maneuver. The system generalized coordinates
are initialized as q(0) = [r(0) θ(0) α(0)]T = [1 m 0 deg 0 deg]T ,
and the desired end values are qd(td) = [2 m 90 deg 90 deg]T ,
where td = 3 s. The adaptation algorithm is activated with �M =
diag[2.0], �V = diag[2.0], and �G = diag[5.0]. The controller gains
are chosen as Kv = diag[10, 50], Kd = 0.1, and K p = 0.5. Ma-
nipulator system parameters are m1 = m2 = 2 kg, l1 = l2 = 1 m,
J = 1 kg · m2, and K = 500 N · m/rad.

To test the capability of load disturbance rejection of the con-
troller, a payload of mass m p = 0.8 kg is picked up by the robot at
time t = 5.0 s.

Figure 4 shows the simulation results, where the solid lines are
used to represent the actual values and the dashed lines for the de-
sired values. Note that el and eθ denote the tracking errors of the pris-
matic and revolute joints, respectively, and θ − α represents the joint
elastic motion (vibration). The simulation results demonstrate that
the adaptive neural-network controller can effectively control an
unknown nonlinear robotic system, even in the presence of sudden
load disturbances.

Now consider the manipulator system shown in Fig. 5. Both
the robot arm and the revolute joint are considered flexible here.
The vector of generalized coordinates, which describes the com-
plete motion of the manipulator model, is given by q = [α θ δ l]T ,
where α denotes the motor rotor position, θ denotes the slew-
ing angle associated with the robot arm position, δ is the flex-
ible generalized coordinate, and l represents the length of the
manipulator.
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Fig. 5 Structure of deployable manipulator with flexible revolute joint
and flexible arm.

Fig. 6 System response and control input with Kv = diag[10, 50], Kd = 2,
and Kp = 5.

By the use of the Lagrangian procedure, the equations of motion
of the system are described as[

Mrr Mr f

M f r M f f

][
q̈r

q̈ f

]
+

[
Vrr Vr f

V f r V f f

][
q̇r

q̇ f

]

+
[
0 0

0 K f f

][
qr

q f

]
=


 τl

K (α − θ)

0


 (13)

j α̈ + K (α − θ) = τα (14)

where τl and τα are the force and the torque inputs for the deployable
link and the revolute joint, respectively; qr = [l θ ]T ; q f = δ; and the
system matrices (M, V) are partitioned according to the rigid and
flexible generalized coordinates. Also, K f f is the stiffness matrix.
Because we only use one flexible mode, K f f is a constant in the
present case. Note that it is assumed that both deploying and slewing
links are uniform and have the same flexural rigidity E I . Also, only
one flexible mode shape is used in modeling.

The system generalized coordinates are initialized as q(0) =
[α(0) θ(0) δ(0) r(0)]T = [0 deg 0 deg 0.01 1 m]T , and the de-
sired values are qd(td) = [90 deg 90 deg 0 2 m]T , where td = 4 s.

Again, a sine-on-ramp profile is used for the maneuvers.
The adaptation algorithm is activated with �M = diag[2.0],
�V = diag[2.0], and �G = diag[5.0]. The gains for the slow con-
troller are chosen as Kv = diag[10, 50]. For the fast controller Kd = 2
and K p = 5.

Figure 6 presents the response of the system variables. The track-
ing errors of the revolute joint eθ , the deploying link el , and the joint
flexibility angle (θ − α) are also shown in Fig. 6. From the result, it is
seen that the system is able to follow the trajectories accurately. With
this control structure, the maximum tracking errors for the revolute
joint and the deployable link are around 1 deg and 0.03 m, respec-
tively. The level of control input is permissible. Furthermore, during
the maneuver, the manipulator generates a maximum tip deflection
of 0.06 m and a joint vibration (θ − α) of amplitude less than 1 deg.
Notice that the oscillations of the joint and the link converge to
zero. Furthermore, the vibrations of the joint and the link are cou-
pled, as expected. Initial vibrations are quickly damped out by the
controller.

V. Conclusions
In this Note, a neural-network-based adaptive control was applied

to a manipulator, including both joint flexibility and link flexibility.
The singular perturbation approach was used for control in the pres-
ence of flexibilities. Simulation results showed the effectiveness of
the approach. For future work, the neural-network adaptive control
scheme is expected to be validated on a prototype deployable manip-
ulator system in the Industrial Robotic Laboratory at the University
of British Columbia.
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